MODERN THEORY OF ORTHOGONAL POLYNOMIALS AND
THEIR LINK WITH JULIA SETS

RAPHAEL ASSIER

ABsTracT. This essay develops the basic generic theory of orthogonal polyno-
mials on the real axis, in order to present Favard’s theorem. A generalization of
the concept of orthogonal polynomials on a complex contour is also developed.
This essay emphasizes the family formed by the iterates of a complex polyno-
mial T. This leads to an orthogonal polynomial sequence which is orthogonal
?on” the Julia set generated by T.
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Part 1. General theory of orthogonal polynomials on the real axis
1. INTRODUCTION

The concept of orthogonal polynomials on the real axis is often introduced in un-
dergraduate courses in mathematics, but mainly in the form of particular examples
like the Legendre polynomials. Nevertheless a much more general theory has been
developed in the 20th century. This theory emerged after the discovery of particular
examples which is why I will start by giving some of those examples and then try
to show how these examples can lead to a general theory. I will expose some of the
common properties that are verified by every family of orthogonal polynomials up
to the Favard’s theorem that gives a method to construct such a family.

Then I focus on a generalization of the concept of orthogonality of polynomials
on a complex contour in order to obtain the main result of this essay which is: geven
any complex polynomial its iterates lead to a subsequence of a family of orthogonal
polynomials. In order to prove this, we will have to go through the concept of Julia
sets and consequently the concept of fractals.

2. EXAMPLES LEADING TO THE FIRST DEFINITIONS
2.1. Examples.

Example 2.1. Legendre polynomials
Let (P,)be the family of polynomials defined by

P, (z) = Mj; ((1 - x2)”)

It can be proved than each P, is a polynomial of degree n and that they verify the
following relation:

1
2
¥V (m,n)eN x N, /_1 P, (z) Py (x)dx = mém’n
where ., , is the classic symbol of Kronecker: §,,, = lz'f M= 1t can
’ ' Oifm#n

therefore be said that the Legendre polynomials are orthogonal on the interval
[—1,1].

Example 2.2. Tchebychev polynomials
Let (T},)be the family of polynomials defined by

T, (z) = cos (n. arccos (z))

It can be proved that each T,, is a polynomial of degree n and that they verify the
following relation:
W ( )N*xN*/lT @) Ty (2) ez = %5
m,m)e x T) ——=dr = —
I I 1 m n m 2 m,n
This family of polynomials is therefore called an orthogonal family of polynomials
on the interval [—1, 1] with respect to the weigth function x —
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Example 2.3. Laguerre Polynomials
Let (L, )be the family of polynomials defined by

n

1 o
L =~ exp (¢) 7 (a" exp (<))

It can be proved that each L, is a polynomial of degree n and that they verify the
following relation:

Y (m,n)eN x N,/ Ly, (z) Ly, (z) exp (—x) dz = 0
0

It is therefore said that the Laguerre polynomials form an orthogonal family of
polynomials on R* with respect to the weight function z — exp (—z). In this
case , because of the “normalisation” of the expression, it is said that the Laguerre
polynomials are orthonormal.

Example 2.4. Hermite Polynomials
Let (H,)be the family of polynomials defined by

n ar
H, (z) = (-1)" exp (2?) s (exp (—2?))
It can be proved that each H,, is a polynomial of degree n and that the H,,’s verify
the following relation:

v (m,n)eN x N, /_00 H,, (z) Hy (z) exp (—2?) dz = /72" (n!) 6.

It is therefore said that the Hermite polynomials are orthogonal on R with respect
to the weight function z — exp (—a?).

2.2. Observations.

In all the examples above, the polynomials are linked to a weight function and a
particular interval of R on which the weight function is integrable and > 0. These
2 characteristics are enough to create an inner product for which the family is
orthogonal. Let w be the weight function and [a,b] the interval, then the inner
product <, > can be defined as follows:

b
W(f.9)Clat] < fug>= [ fla)g(e)wiz)ds
a
These observations naturally lead to our first formal definitions.
2.3. Formal definitions.
Definition 2.5. We call weight function on [a,b], a function w which verifies
the following properties:
e w is integrable on [a, b]
. Vme[a,b],w(x) >0
e w(x) > 0 on a subset of [a, b] of positive Lebesgue measure

e VneN, the "moments” u,, = f; z"w (x) dr < 0o

Remark 2.6. The third property is here to ensure that f: w (x) dz > 0.The fourth
property is going to be needed further for the case of an unbounded [a, b].
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Definition 2.7. We call an orthogonal polynomial sequence (OPS) with re-
spect to the weight function w on [a,b], a sequence of polynomials {P,} ~ , such
that:

o VneN,deg(P,) =n
o V(m,n)eNx N, m#n= f:Pm () P, (z) w(x)dz =0
o VneN, f; P, (z)? w(x)dx #0

Remark 2.8. Clearly, the 4 examples above, because of their mentioned properties,
are OPS for their respective weight function.

Notation 2.9. Given a weight function w and an interval [a,b] we note:

=/abf(a:)w x) dx

for any function f integrable on [a,b]. Therefore the "moments” condition of the
definition 2.7 can be noted VneN, £ [z"] < oo and the orthogonality property of the
definition 2.5 can be noted

V(n,m)eNxNm#n= L[P,(X)P,(X)]=0

The introduction of this notation will allow us to have much more general defi-
nitions for the OPS based on the fact that, given an arbitrary sequence of complex
numbers {pn}zozo, we can define uniquely a linear functional £ on the vector space

of the polynomials of one real variable R [X]. This naturally leads to the following
definition.

Definition 2.10. Let {u,} —,€CN. We call the moment functional determined
by the moment sequence {y,}, the linear functional £ : R [X] — C such that
VneN, L [X"] = pn,

This introduction of the concept of moment functional will naturally lead to a
new approach to the OPS by giving a new definition.

Definition 2.11. A sequence (P,)eR [X]" is called an OPS with respect to the
moment functional £ , if it verifies the 3 following conditions for any m,n > 0 :

o deg(P,) =n
o LIP,(X)P,(X)]=0form#n
o L[(Pn(X ))]7&0

3. GENERAL RESULTS ON REAL ORTHOGONAL POLYNOMIALS1
3.1. Basic results.

Lemma 3.1.
Hypothesis: L is a moment functional, (P,)eR [X]"
Conclusions: Those 3 properties are equivalent to each other

(1) {P.(X)}is an OPS for L
(2) VneN, VreR,,[X], E[w(X)Pn(X)]{ - 8;% =
(3) 3(K)eC, such that ¥(n, m)eN x N,LIX™Po(X)] = Knbpns Kn £ 0

IThe results presented in sections 3 and 4 are mainly taken from [2], but the proofs are more
detailed.

4



Proof. Let us assume the conclusion (1). Since deg(P,) = n, {Py, Py, ..., Py} forms
a basis of R,,[X]. Therefore VreR,,[X], 3(ck) " osuch that m(X) = > )" cxPr(X).
Let meR,,[X]

Aif m < n then L[n(X)P,(X)] = Y- o ek L[Pr(X)P,(X)] (because L is linear)

=0 ( because (Pn) is an OPS for £ and m < n)

Jif m =n then

Lm(X)Po(X)] = Yo ek L[Pr(X)Pr(X)] = cnLIP(X)?]# 0 ( because (P,) is
an OPS for L)

So we have proved that (1)=-(2).But (2)=(3), because 0 can always be written
K, -0 so by taking K, = L[X"P,(X)] we have the property (3). The property (3)
=

k=0
so this exactly leads to the fact that the (P,) are OPS for £.Therefore (3)=-(1) and
then (1)<=(2) <=-(3). This finishes the proof. O

Theorem 3.2.
Hypothesis: (P,) and (Q,,) are OPS for a given moment functional £
Conclusion: 3(c,)e(C*)N, such that , ¥YneN, Q,(X) = ¢, Pn(X)

Proof. The property (2) of the Lemma 3.1 =Vk < n, L[P:(X)Q,(X)] = 0.But
(@) being an OPS , deg(Q,,) = n = deg(P,) therefore the {Py};_, form a basis
of R,[X] and @Q,, can be written as follow: @Q,(X) = Y ;_,cxPr(X). There-
fore L[Pu(X)Qn(X)] = cxL[P(X)? ie. o = HZEOLOL Then Q,(X) =
Soreo ckPu(X) = ¢, P (X) (because if k # n,c,, = 0) and ¢, # 0 because of the
definition of an OPS and the property (3) of the Lemma 3.1. This finishes the
proof. O

In order to introduce a concept of uniqueness of OPS for a given moment func-
tional, we need the following definition.

Definition 3.3. We say that an OPS (P,) for the moment functional £ is monic
if the leading coefficient of P, (X) (coeflicient of X™) is equal to 1.

Remark 3.4. Tt has to be noticed that at this point, the Theorem 3.2 directly gives
the following result: If there exists an OPS for a given moent functional £, then
there is a unique monic OPS for L.

If existence, we now have a result of uniqueness. It is now natural to focus our
interest on the problem of existence.

Theorem 3.5.
Hypothesis: L is a moment functional with a moment sequence {p, }
Conclusion: There exists an OPS for L

Bo p1 o fn
'ul 'u2 “es . e N’ll-‘rl

< VneN, A, = det(pi1j)7 j—o = : #0

I’LTL ,LLTL—O—I “en “ee ﬂ?n




Proof. JIf there exist an OPS for £, let call it (P,), then
I(K,)e(CHN such thatV (m,n) eN x N, L[X™Po(X)] = Kndpmon
And then by writing P,(X) = >_1_, ¢ux X" we have:
Ym < n, Z en k LIX™ ) = Kb
k=0

SO ZZ:O Cn klm+k = Kn0m n-In other words the system of linear equations

fo 1 e e pm Cn0 0
W e e o e et 0

(3.1) : A : : = :
. . . 0
fin Hng1 o o ion Com K,

has a unique solution. The solution is unique because if there is an other OPS
(Qn) that verifies the same equality, then by the Theorem 3.2:

El(cn)G(C*)vaneNa Qn(X) = CnPn(X)

with
! LIP.(X)?] LIP.(X)?] Cnnkn
therefore (Q,,) = (P,). Therefore, A, #0 .
.Conversely, if A,, # 0, then the system (3.1) has a unique solution, and this
solution verifies the property (3) of the Lemma 3.1. So this solution is an OPS for

L. This finishes the proof. O

Theorem 3.6.

Hypothesis: (P,) is an OPS for the moment functional L

Conclusion: YreR,[X|\R,_1[X],Vn > 1, L[n(X)P,(X)] = “annil" where
anand k, are respectively the leading coefficients of wand P, '

Proof. Let take meR,, [ X\ R, —1[X] then we can write 7(X) = a,, X" +~(X) where
~veR,,—1[X]. Therefore,

Llm(X) P (X)] = an LIX" Py (X)] + L[y(X) P (X)]
the second term is equal to 0 by the property (3) of the Lemma 3.1. So we have
(3.2) Ln(X)Pp(X)] = anL[X" P (X)] = an K,

. Ap_1
But the Cramer formula applied to the system (3.1) tells us that ¢, , = K, A

but here ¢, ,, is called k,, . Therefore we have K, =k, AAH’_Ll. So (3.2) becomes

This finishes the proof. [

Let now focus our attention on the influence of particular properties of the mo-
ment functional on the related OPS.



3.2. Moment functional analysis.

Definition 3.7. A moment functional £ is called positive-definite, if

7 # Or[x]
VreR[X], such that { VaeR, m(z) > 0 we have L[r(X)] >0
Theorem 3.8.

Hypothesis: L is a positive definite moment functional

Conclusion: L has real moments and a corresponding OPS of real polynomials

Proof. .For any integer k,the polynomial X2* verifies the conditions that have to be
imposed to 7 in the Definition 3.7 . So by definition of a positive-definite moment
functional, we have £[X2¥] > 0 i.e 2, > 0 so the moments of even indice are real
and strictly positive. Let us now prove by strong recurrence that for any integer
n ji, is real. For n = 1, let us consider the polynomial (X + 1)2, it verifies the
conditions imposed on 7 in the Definition 3.7 so

(3.3) LI(X+1DF >0
But (X +1)2 = X2 +2X + 1, therefore (3.3) becomes po + 211 + 2 > 0,

but ppand po are real so pp has to be real. Let us suppose that for any inte-
ger k < 2n, py is real. Let us now consider the polynomial (X + 1)2(”“) =

2n+2 .
27;32 ( " l:— ) XF* the same reasoning as for the case n = 1 leads to the fol-
. . 2n+2 . .
lowing relation: ii‘f " ]:r i > 0 using the recurrence relation , every

term (but po,41) of this inequality is real, therefore ps,11 has to be real. We have
therefore proved that £ has real moments.

.We can now construct explicitly an OPS for £ . Let us take Py = p i and for
any integer n, Qn41(X) = X" — S0, Py(X) where aj, = L[X" T Py(X)] and

1
Pri1(X) = (L[Qn+1(X)?]) ? Qn41(X). Then it is easy to prove by recurrence
that P, is real for any n. Let us prove by strong recurrence that

Vm < n, L[Pom(X)Po(X)] = 6mon

For n—1

[N

LIPy(X)PL(X)] = py * LIX — aopg *) (LIP(X)?]) " *] = pg * LI(X — aopg *)pid]

= L[(X—aopy *)] = LIX]—aopg > LII] = p1—aopy * po = p1—aops = p1—L[X Po(X)]p

_1 1
= p1 — po > LIXpug = p1 —p1 =0
and,

LIPL(X)%] = LI(LIQ (X)) T Qu(X)*] =1
So the property is true for n=1. Let us suppose that it is true for any k less than
or equal to a given n. Then we have the relation

(34)  L[Pn(X)Por1(X)] = LIPn (X)X =Y arPi(X))] (LQuar (X))
k=0

1
2
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_1
2

= (am — Y _ @ L[Pr(X)Pr(X)]) (L[Qn41(X)?])
k=0

Jdf m<n+4-1, ) )
0 (3.4)= (am — ZZ:Q ak(sm,k) (E[Qn+1(X)2])7§ = (@m — am) (E[Qn+1(X)2D7§ =
JAf m=n+1,
(3-4)= L[Prs1(X)?] = L[(LIQn4+1(X)’]) ' Qui1(X)?] = 1.
This finishes the proof. O

Now let us introduce a Lemma that will be very useful later.

Lemma 3.9.
Hypothesis: 7 is a positive polynomial, not identically equal to 0
Conclusion: 3(p, q)eR[X], m(X) = p(X)? + ¢(X)?

Proof. 7 being positive, its real zeros have an even multiplicity and its complex zeros
are self-conjugated. Therefore we can write m(X) = r(X)?[[(X — ai)(X — &;).
Let [[(X — a;) = A(X) +4B(X) then [[(X — ;) = A(X) — iB(X). And so
(X)) = r(X)?(A(X)? + B(X)?) = p(X)? + ¢(X)?. This finishes the proof. O

Theorem 3.10.

Hypothesis: L is a moment functional

Conclusion: L is positive-definite<—> (its moments are real and A,, > 0 for
any n)

Proof. .Because A, > 0, we have A,, # 0 , therefore by the Theorem 3.2, there
exists a unique monic OPS for £ let us call it (P,). Then by Theorem 3.6 and

because (P,,) is monic we have E[PTL(X)Q]:AA:‘1 > 0. Let peR[X], because of their

degree, the elements of the OPS form a basis for R[X]. Therefore we can write
p(X) =>4 _parPr(X), and so

n

LX) = 3 mas LA P (X)) = 3 @ L{P(X)?) > 0
k=0

§=0 k=0
Let 7 be a positive not identically 0 polynomial. By Lemma 3.9,
3(p, 9)eR[X], 7(X) = p(X)* + ¢(X)?

And therefore L[r(X)] = L[p(X)?] + L[q(X)?] > 0 so L is positive-definite.
.Conversely, if £ is positive-definite, then by the Theorem 3.8, its moments are
real and it has a real monic OPS. We have L[P,(X)?] > 0 because L is positive-
defnite, but Theorem 3.6 says L[P,(X)?] = ﬁ therefore all the A, must have
the same sign. But Ay = pp > 0 (result seen in the proof of Theorem 3.8) therefore
all the A, are strictly positive. This finishes the proof. O



4. FAVARD’S THEOREM

Theorem 4.1.
Hypothesis: L be a moment functional, and (P,)be its monic OPS.
Conclusion: P, satisfies the following three-terms recurrence relation:

Pn—i—l(X) = (X - Cn)Pn(X) - A’rLPn—l()()

Py(X) =1
P_1(X)=0
where ¢, = L[XP,(X)?] and \,, = % .
n—1
Proof. Because P, 11 is monic and because {Py,- -, P,} form a basis of R, [X] ,
we can write :
n—2
(4.1) Poi1(X) = (X = ¢n)Pu(X) = ApPo1(X) + D e Pr(X)
k=0

Then applying the operator £[P;.0J] to (4.1) we obtain for k < n — 1:
L[Py(X).(X Po(X))] + e L[PL(X)*] = 0
| LIXPL(X)).Po(X)] + i LIP(X)?] = 0
but deg(X P(X)) < n therefore L[(X Py(X)).P,(X)] = 0 moreover, L[P(X)?]being

non-zero, we obtain c; = 0.
We can now apply the operator L[P,,_1.0] to (4.1) which leads to

0=L[(XPy_1(X)).Pu(X)] = M L[Pr_1(X)?] = LIX™.Pp(X)] = ML[Pr_1(X)F

= E[Pn(X)z] - )‘nﬁ[Pnfl(Xy]
therefore by theorem 3.6

and so \,, =
n—1
We can now apply the operator £[P,,.00] to (4.1) which leads to
0=L[XP,(X)?] — cnL[Pn(X)?]
2

and therefore ¢,, = % . This finishes the proof. a

So we have seen that, given a moment functional £, the associated OPS auto-
matically verifies a three-terms recurrence relation. There is a beautiful converse to
this fact, which is known as Favard’s theorem, and that says that every polynomial
family, which verifies such a three term recurrence relation, is in fact an OPS for a
certain moment functional.

Definition 4.2. A moment functional £ is said quasi-defnite <= VneN, A, # 0



Theorem 4.3. Favard’s Theorem

e Hypothesis:
= (cn), (M) eCY
— The polynomial family (P,,)is defined by the 3 terms recurrence relation
P(X)=(X—cn)Pro1(X) — A\ Pr—2(X)
P_1(X)=0
Py(X)=1

e Conclusion:
(1) There exists a unique moment functional L such that L[1] = A\; and
LIPu(X)Pu(X)] = 0 for m £

(2) L is quasi-definite and (P,) is its monic OPS<= VneN, \,, 0

(3) L is positive-definite <=YneN, \,, > 0 and ¢, is real
Proof. (1). Let us construct £ explicitly by the following recursive definition.

L[1] = Ay = po then we use the fact that we want for any n>0 L[P,(X)] =0
and we use the recurrence relation to define (). For n=1, we have
P(X)=(X—-c1)P(X) = MP1(X)=X—¢1 =0
therefore 1 —c1 o = 0 and we have found 1. Then the p,, are uniquely determined.
So, for a given po, we have a unique £ that verifies £[P,(X)] = 0. Then we can
prove by recurrence that £[X™P,(X)] = 0 for any n and any m<n. The recurrence
relation can be written
(4.2) Poi1(X)+ cPu(X)+ AP,—1(X) = X P, (X)
If we apply £ to (4.2), we obtain
LIX Py (X)] = L[Pos1(X)] + en L[Pn(X)] + Ap L[Pp—1(X)] = 0

by construction of £. So for any n>1, L[X P, (X)] = 0. If we multiply the identity
(4.2) by X then apply £, we obtain:

LIX?Py(X)] = LIX Poy1(X)] + cnL[X Py (X)] + M L[X Pr_1(X)]

So for any n>2, L|X2P,(X)] = 0. Then, if we keep going this way, we obtain for
any m, for any n>m, L[X™P,(X)] = 0. Therefore there exists a unique moment
functional £ such that L£[1] = A; and L[P,,,(X )P, (X)] = 0 for m # n. This proves
the property (1).

(2).For m=n, we have

LIX"Po(X)] = LIX" ' Py1 (X)] + cn LIX" 1P (X)] + M LIX P, 1(X)]

= ML[IX"I P, 1(X)]
Therefore,
(4.3) LIX"Po(X)] = AnAn—1 - A2

.So if ¥neN, \,, # 0 , then L£[P,(X)?] # 0 which was the missing property to
ensure that (P,) is an OPS (monic because of the recurrence relation) for £ (with
Lemma 3.1 ) so by Theorem 3.5, A, # 0 which means that £ is quasi-definite.

.Conversely, if £ is quasi-definite and (P,) is its monic OPS, then £[P, (X)?] # 0
which leads directly (with (4.3)) to the fact that VneN, A\, # 0. This proves the
property (2).
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(3)..If VneN, A, > 0 and ¢, is real, then all the u,, are real (by construction and
because ¢, and A, are real) and by Theorem 3.6. We have the relation:

A,
L[P,(X)%] = A= AAn_1 - AaA >0

therefore all the A,, have the same sign but Ag = pg > 0 so VneN,A,, > 0. And
therefore, by Theorem?2.10, £ is positive-definite.

.Conversely, if £ is positive-definite then by Theorem 3.10 VneN, A,, > 0 and
then L[P,(X)?] = ﬁ = AAn_1---A2A1 > 0 and this is true for any n, this
means that all the \,, are strictly positive. Moreover, the u,and the A, being real,
their construction implies that the ¢, are real as well. This proves the property (3)
and finishes the proof of the theorem. O
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Part 2. Complex generalization and link to Julia sets
5. INTRODUCTION TO JULIA SETS?

Definition 5.1. In numerical analysis, the fixzed point iteration method is a

method of computing fixed points of iterated function. More precisely, given a

continuous function f : C — C and an initial value 2°, we create the following

sequence: { Z”Jrzl - J;E)Zn) . If this sequence converges, then the limit is a fixed
0 =

point of f.

0.8+

0.6

0.24

F1cURE 5.1. Example o fthe fixed point iteration method for the
function sinus with initial value zg = 2

We will now focused our attention on the fixed point iteration method obtained
for a polynomial T.

Definition 5.2. A point 2¢C is called an attractive point for T, if there exist an
initial condition zyeC such that the sequence defined by the related fixed point
iteration method converges to z.

Remark 5.3. z can be finite or infinite.

Definition 5.4. We call the basin of attraction of an attractive point z,and we
note Ar(z), the set of all the initial conditions zg such that sequence defined by the

related fixed point iteration method converges to z i.e Ar(z) = {zoe(C, lim z, = z}
n—oo

Example 5.5. Let us consider the polynomial T'(z) = 22, then Ar(1) = {-1,1}

Definition 5.6. The polynomial Julia set Jp set is the boundary of the basin
of attraction of the point at infinity i.e Jr = 0Ar(00)

Example 5.7. Let consider the polynomial T'(z) = 22 then
Zp = 28" so lim z, = 0o <= |2| > 1.
n—oo

Let D; be the unit disc of C and C; = 0D; be the unit circle. Therefore
Ar(00)=C\D; and Jr = C1.

2A nice introduction, historically and mathematically complete can be found in [7]
12



Note 5.8. In the previous example, the Julia Set associated to the polynomial T is
very simple. Nevertheless, these sets are most of the time fractal sets. For example,
let us consider the Polynomial T'(z) = 22 + ¢ where c is a complex number, which
is the classical example that leads to fractal sets. Here are some pictures® of the
Julia sets obtained for different values of c.

FIGURE 5.2. ¢ =1— 155 1 ¢ = 0.285 + 0.017 ; ¢ = 0.45 + 0.1428i

6. REMINDER OF COMPLEX ANALYSIS*

Definition 6.1. Let U be an open set of C and f : U— C. We say that f is
complex differentiable at the point zpeC if lim W exists. If it is the

z—2z0 0

case, this limit is noted %(zo).

Definition 6.2. We say that a function f is holomorphic on an open subset
U C C, if f is complex differentiable at any zgeU.

Definition 6.3. Given a closed complex contour I and a function f, parametrized
by a function ¢ piecewise differentiable on [a, b], then we define the integral of f

on the contour T by the following relation: §. f(z)dz = ff Fle®)e' (t)dt

Definition 6.4. We say that a compact set K C C is regular, if 0K is a piecewise
differentiable curve.

Theorem 6.5. Cauchy’s Formula
Hypothesis:

e fis holomorphic on an open subset U C C
e K is a regular compact of U
o 20e KNIOK

Conclusion: f(z0) = 5= $55

f(z) dz

Z—2Zz0

3All the pictures of Julia sets of this essay have been taken from the article on Julia sets of
Wikipedia.

AThese results are taken from my undergraduate course in complex analysis: [8]. Because the
results are very classic, I took the responsability not to prove all of them.
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Definition 6.6. We say that a function f is analytic at a point aeC, if there
exists a disc centered in a (noted D(a) ) such that 3(c,)eCN, VzeD(a), f(2) =

[e.e]

Sen(z—a)™

n=0

Theorem 6.7. A function f is analytic at a point acC<=3U C C open, such that
aeU and f is holomorphic on U.

Proof. .Let f be holomorphic in a point a, then by definition we can find an open
disc D around a such that f is holomorphic there. Let us pick a point, say z, inside
this disc and then consider a circle C that lies inside the disc D such that z is in
the interior of the circle C. Then the Cauchy’s formula says :

(6.1)
1 1 — 1 1
f(z):%y{f(w)dw:% w—a f(w) dw— L f(wz dw
2w ] w—z 2itr ] w—aw—a—(z—a) 2im ) w—al— 2=
C C c
[ee] n
But |£=%| < 1 by construction. Therefore 1_% =3, (ﬁ) and the series
n=0

w—a

converges uniformly, therefore it commutes with the integral. Then (6.1) becomes:

(z—a)"— 74 —————dw = en(z —a)"

And this is true for any z in the open disc generated by C, therefore f is analytic
in a.
Jf f is analytic in a , we can write for any z in an open set containing a, that
o0
f(z) = > en(z —a)™ . Such a series is well known to be infinitely differentiable in

n=0
a therefore it is differentiable once and then f is holomorphic in a. This finishes
the proof. O

Theorem 6.8.

Hypothesis: Let f be an analyic function on an annulus

A ={zeC,0 < Ry < |z| < Ry} and T, any circle define by |z| =r and Ry <r <
Ry

Conclusion: Then f has a Laurent series development on A i.e

VzeA, f(z) = Yapz" and a, = 5= §. an(i)l dz

n=—oo

7. PADE APPROXIMATION®
Definition 7.1. Let g be an analytic function at the origin of the complex plane.
A Padé approximant to g is a rational function of degree (rn,m) noted [n,m] such

that g(2) — [n,m], (2) =, O(]z|™ ™). In other terms , we can write :
Z—

m+n n

[yl (2) = 3~ g™ (0) + Ol ™)

n=0

5More about this topics in [3]or [6]
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If g is analytic in a neighbourhood of infinity, then the Padé approximant of

degree (n,m) to g at infinity, noted [n,m};o verify:
1 m4+n+2
o) —mF () = ol )

Proposition 7.2. Given an analytic function g in a neighbourhood of infinity, the
Padé approzimant of a given degree (n,m),n < m is unique.

Proof. Let Ry = % and Ry = % be two Padé approximant to g of degree (n,m)

_ _ 1 m—+n+2

Then we have the two following relations: { 9(=) = Ba(2) = O(|i|m+n+2) by
9(2) = Ra(2) = O([3| )

subtracting those two relations we obtain: R;(z)—Ra(z) = O(‘ i |m+n+2) ie gll((z)) —

522((?) = O(B|m+n+2) so by multiplying by Q1@ it follows

m—n+2

Q2(2)P1(2) — Qi(2) Pa(2) = O( )

but the right hand side of this expression is a polynomial of degree m + n , and
m —n + 2 > 0 this force the polynomial to tend to zero when z tends to infinity,
which is equivalent to the fact that the polynomial is equal to zero everywhere.
Therefore Q2(2)P1(z) — Q1(2)P2(z) = 0 and so by dividing by Q1Q> it follows
that Ry = Rs. Here we can divide easily as the region we are interested in is a
neighbourhood of infinity, therefore we can choose it outside the poles of R; and
Ro. O

1

z

8. ORTHOGONAL POLYNOMIALS ON A COMPLEX CONTOUR®

Definition 8.1. Let g be an analytic function in a neighbourhood of infinity, that
oo

can be written g(z) = 421 7. Let I be a big enough circle to be in the analycity
0

domain of g. We say that a family of complex polynomials (P,) is an OPS with
respect to the weight function g on the contour I' | if:

3(hn)e(CHN, s.t.,¥(n, m)eN?, QL %Pn(z)Pm(z)g(z)dz = hpOm.n
im
r

Note 8.2. As it can be noticed, in the complex we have decided to work with the
first definition of an OPS given at the begining of the first Part (Definition 2.7).
The reason why we do not use the other formal definition that deals with moment
functional, is to avoid entering into deep measure theory. We will assume those
2 definitions to be equivalent and therefore, to avoid repetitions in this essay, we
will now assume (since the proofs are similar) that the results proved in the real

5The results presented in section 8 and 9 are mainly taken from [2],[4]or [5], but the proofs are
more detailed.
7g is therefore analytic in any annulus with a lower circle that lies in the analycity domain of g. So

o0
we can develop g in Laurent series by Theorem 6.8 i.e. g(z) = Y anz" with an = 5 §. zgéi)l dz
n=-—o0o
o0
so, if we impose that g can be written g(z) = > zﬁj‘rl , it is the same that to impose that
n=0
g(z) — 0.
|z|—o0
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case are conserved in the complex case. Especially the fact that for a given weight
function g and a contour I', there exists a unique monic OPS w.r.t g on I' and
that all OPS verify the three-terms recurrence relation. Actually, not everything is
conserved. For example, the results about the location of the zeros of the orthogonal
polynomials are not. This is why I chose not to talk about it in my first part.

Remark 8.3. When we write, g(z) = ) -5%7, the p,s are going to play the role of

n—=
what we have called before the "moments”. In fact,

2in J ° Y 2in > i Yoz 2m Zn—k+1
r r n= r
50 27 R Gdg 50 2 50
_ N M iRe" _ Hn —i(n—k)8 19 _
_ 22 / P / e w=3 5 ok =
n=0 n= 0 n=

Note 8.4. When the circle I' is the unit circle, the polynomial of a corresponding
OPS are called Szégo polynomials.

Theorem 8.5.
e Hypothesis:
— g is an analytic function in the neighbourhood of infinity
— T is a circle included in the analycity domain of g
o Conclusion: The constituant monic polynomials P, of the OPS associated
to (T, g)are the denominator of the Padé approzimation [n — 1/n];°.

Proof. Let neN . We can, without loss of generality, suppose that the poles of
[n—1,n];" are in the interior of the circle T'. Therefore, [n —1,/n]° () is holo-
morphic for |z| > Rr where Ry is the radius of the circle I'. Therefore the function
2 22" (g(2) — [n — 1,/n] .7 (2)) is holomorphic for |2| > Rr. Let call this func-
tion R, (2). But we know that g(z)—[n —1,/n]." () = O ’%‘Q"H). Therefore there
exists a constant ¢ such that |R,(z)| < ¢ for large enough z. And D, (z) o 2",

therefore for large enough z, |D,,(2)| < 2|2|". If we write [n — 1/71];0 (2) = Ng;(lz(f)
where N,,_1(2) is a polynomial of degree n-1 and D,,(z) is a monic polynomial of

degree n, we have

9(2)Dn(2) = Nu-1(2) = Ba(2) 507
Let ke {0,1,--- ,n — 1}. If we multiply the previous relation by z*and then integrate
along I', we obtain:

1 1 1 D,(z
%im 2Fg(2)Dp(2)dz — %in fzk]\/'n,l(z)dz = E%Rn(z)w%dz
r r r
The second term of the left hand side of the previous equation is equal to 0. In fact,
if we note, f(z) = 2**1N,,_1(2), f is holomorphic on C, and T' can be considered
as the boundary of a regular compact of C (the closed disc of radius Rr). 0 is in

the interior of this compact, therefore we can apply the Cauchy’s formula:

_ 1 (f, 1
0) = ﬂj{7d2 = 50 j{szn,l(z)dz
r

r
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But it is obvious that f(0) =0, therefore the result follows.
.The term of the right hand side of the equation is also equal to 0. In fact,

27

1 Dy (2) 1 0, Dn(Rre®) . 4

%fRn(Z)WdZ = ﬂ/Rn(Rrez ) (Rpemyzmri-r e dd
r 0

2m
S %/‘Rn(Rreloﬂ ’D7L(Rr6w)|R1:2"+kd9
0

< cR;2”+k sup |Dn(Rpei9)’ < ZCRI?Q"H“R" < 2cR1137"
0e[0,27]
and by Theorem 6.8 , the left hand side of this inequality is constant. But the right
hand side — 0 for k < n therefore the left hand side is equal to 0.

T — oo
Jf k = n, we have that for the same reason the second term of the right hand

side is equal to zero. But

1 Dy(v) . 1 D, (v) 1 R, (z)
iz § ) meeds = g § R T g f R0

r T T

because D,, is monic and its degree is n. But by definition R,(z) — -, with
zZ— 00
Yn 7 0 . Therefore

1 Rn(z)dz ~ Tn %%d’z:,}/ﬂ#o
r

um z z—o0o0 207
T

JIt means that for any k < n, 51— §. 2"9(2)Dn(2)dz = 0, and 51— ¢ 2" g(2) Dy (2)dz #
0, which is exactly the condition of being an OPS according to the Lemma 3.1. [

9. ToriC ON POLYNOMIAL ITERATION

Theorem 9.1.
Hypothesis: Let W and T be monic polynomials of respective degree d-1 and d
Conclusion: The functional equation: g(z) = W(2)g(T(z)) admit a unique
solution goo which is holomorphic on the basin of attraction of T at co: Ar(oc0)

and respect zg(z) — 1.
Z—00

Remark 9.2. Since Ap(00) is a neighbourhood of infinity, the theorem implies that
the solution is holomorphic in a neighbourhood of infinity.

Notation 9.3. We will note the space of the holomorphic functions on a point a,
H(a). And the set of the functions holomorphic on a set A, H(A). Therefore the
set of the holomorphic functions in a neighbourhood of infinity will be H(oc0).

Note 9.4. This functional equation can be compared with the general concept of
Schréder’s equation® which consists in the following: given p a function that maps
the unit disc U to itself and that is holomorphic on it, and a complex number a , we
want a holomorphic solution on the unit disc, f , that verifies VzeU, f(p(2)) = af(2)
In fact, if we write our equation in this form ( assuming that it is possible...)
ﬁg(z) = g(T(2)), we can clearly see the similitude between the 2 equations, the
8More about this topic in [9].
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latter being a sort of generalisation from a complex number a to a given rational
function. The Shréder’s equations are especially important in complex dynamics.

0)

0o (¢
Proof. Let take goeH(oco) i.e. 3R > 0,V[z| > R,go(2) = > Sk . And then
k=0

construct the following "fixed point iteration method”: gn+1(;) = W(2)gn(T(2))

then by iterating it, we get:

gn(2) = W)W (T (2))W(TP(2)) - W(T" D (2))go (T (2)) = Ru(2)T" (2)90(T") (2))
where

W(EW(T ()W (TP (2) - W(T"D(2))

(We can therefore say that g,eH (c0).) T being of degree d, it is obvious that 7(")

is of degree d”. So W being of degree d-1, we have that W (T™*)(z)) is of degree
(d — 1)d*. Therefore

R, (z) =

n—1
deg(W ()W (T (2))W (TP (2)) - - W(T" D (2))) = > (d—1)d" =d" — 1
k=0
Thus R, is a rational function of degree (d" — 1,d™). Because T is monic and
of degree d, we have the approximation: T®)(z) « 2%, And W/(T®)(2))
Z—00

zZ—00
kg k+1_ gk
(247)4=1 = 247" =4" Therefore

"ﬁlzdk+1_dk

dn—1
k=0 _Z _ 1
Rn(Z) Z:OO Ldn - Ldn - P
therefore R,, is holomorphic in a neighbourhood of infinity. But
(n) (n) _ 0 S R (V) 1
T () = i+ Ol ) = + Ol

Hence we have:

gn(2) = Ru(2)T™ (2)g0o(T™(2)) = p§” Ru(2)+ R (2)O(i—57) = 1) R (2)+0(

Ea Bl

because R,,(z) « 1 wehave that zg,(z) « ,uéo) so for a limit with the condition
zZ—00 zZ—00

zg(z) — 1 to exist, we need u(()o) = 1. Therefore g, (2) = R, (2) +O(W). But

R,, , by construction, does not depend on gjy.

Then if the series converges to a goce H(00) , we will have : VneN,Vk < d", u](:o) =
u,(cn) therefore, the coefficients being explicitly given by those of R,. Because we
have

9n(2) = Ru(2) + O(fzamery) e 1
Goo(2) = gn(2) + O(W}H‘) } = goo(2) = Ry(2) + O(|zd"+1\)

0O, (s0)
We therefore have obtained a Laurent series go(z) = Enr . Let us show that

n=0

this Laurent series is holomorphe on Ay (o).
We know that zg*>(z) — 1 by construction. Therefore for a large enough z,
zZ2—00

29°°(z) can be bounded by a constant, therefore this function is in H(c0), and it
follows that ¢g> is as well ( because z — 1 is in H(co) and H(co) is stable by
18



multiplication). But we have by construction the functional equation: ¢*°(z) =
W (z)g>°(T(z)) therefore for every point a in Ar(c0), we can iterate this relation
until 7™ (a) enter the analycity domain of g> and then write

9% (z) = W(W(T(2)) - W(T"V(2))g>(T")(2))

then the right hand side is clearly analytic in a therefore ¢°° is analytic in @ and it
is true for any a in Ap(00), it means that ¢°° is analytic (holomorphic) on Ay (o).
This finishes the proof. (]

Remark 9.5. Therefore, given the monic polynomial W and T of respective degree
d-1 and d,

VzeC,
AlgeH (Ar(00)), s.t.

Theorem 9.6. If g is the solution found in the previous theorem of the functional
equation g(z) = W(z)T(g(z)), then the Padé approxzimants to g at ocoverify the
following relation:

[dn —1/dn] " (z) = W(z)[n —1,/n|5(T(2))
Proof. By definition of the Padé approximant, we get g(z) — [n — 1/n|°(z) =
O(W%) then, by substituting T(z) for z and multiplying by W(z), we obtain:

1 1

W(2)g(T(2)) = W(z)[n = 1/n|7(T(2)) = W(Z)O(W) = O(|Z|2T+1)

i.e. because g is solution of the functional equation,

9(2) = W(2)n — 1/n](T(2)) = 0<Z|2id+1>

Therefore, by uniqueness of the Padé approximant, we have

[dn — 1/dn]3P(2) = W(2)n - L/nf3®(T(2))
O

Theorem 9.7. Let T be a monic polynomial , then the family of the iterates of T
(T(")) is a subfamily of an OPS.

Proof. Let W be a monic polynomial of degree d-1 (W (z) = 2971 4wy 2972 + ...
) and T be of degree d ( W(z) = 2% + t;2¢71 + ... ). Let consider g the unique
solution in H(Ar(o0)) of

Then by the previous theorem, we have that
[dn —1/dn]7(z) = W(z)[n —1,/n](T(2))

if we note [n — 1,/n|°(z) = 62;;7(;(;) with P, monic then we have: Py, (z) =

P.(T(z)). And then by iterating k times: Py, (z) = P,(T*)(z)) which for n=1
19



gives Pu(z) = P (T (2)). But by theorem 7.2, (P,) is the monic OPS with
respect to g, therefore we have the recurrence relation

Pn+1(z) = (Z — An)Pn — RnPn—l
by putting P_; = 0, we have P; = (z — Ag)Py = z — Ap. where

L ]gz(Po(z))zg(z)dz 1 ﬁzg(z)dz ad}

0= 247 g - 207 Lo - 297 g

But

29(2) = WE(T() = (s )Y mir o (et )2
k=0

wy; — 1

) Ho

Ho
24 4 tyzd=1 .. 7 Holl+

so by identification we have that pq = po(wy — t1) therefore by choosing W such
that wy = t; , we have gy = 0. And so Ag = 0 which leads to the following relation:
Py (z) = T™(z) and so each iterate of the polynomial T is a particular element of
the OPS related to g. This finishes the proof. O

w
= (Zd+wlzd71+... = (1+71+) )

10. CONCLUSION

We have therefore shown that, given any polynomial T on the complex plane, the
family of the iterates of T forms a subfamily of an OPS on any circle that contains
the Julia set generated by T.

FIGURE 10.1. Illustration of a circle on which the family generated
by the iterates of T is an OPS

This essay could be continued by first trying to reduce the “area” of the contour
used in order to be closer to the Julia set itself. For this the restrictive point is
the Theorem 6.8. In fact, the contour chosen has to lie in an annulus. If we could
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extend this theorem to something more general than an annulus, this result would
follow. Then we could try to define an integral on a fractal contour and try to
discover if the family generated by the iterates of T is actually orhtogonal on the
Julia set Jr ( when this one is a “closed fractal” line ? i.e when its connected), it
means that we would want to write for an analytic function g:

I(hy)e(CHY, s.t.,V(n,m)eNQ,%Pn(z)Pm(z)g(z)dz = hpdmn
Jr
This will certainly lead to further theoretical analysis of the fractal complex con-
tours and will lead to a possible definition of an integral on it.

However, the result that we have shown already has a practical use. In fact, it
gives an easy (cheap) way to compute the iterates of a given polynomial (this is
usually quite expansive) using the 3 terms recurrence relation that verifies the OPS.
Thus the ”power” operations (non-linear) are replaced by simple linear additions.
This has been shown to be useful in image processing.

REFERENCES

[1] T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York
(1978)

[2] P. Nevai (ed.), Orthogonal Polynomials: Theory and Practice, NATO ASI series, Kluwer,
Dordrecht (1989), article by D. Bessis, Orthogonal Polynomials, Padé Approzimation and
Julia sets

[3] Baker-Graves-Morris, Padé Approzimants, 2nd Edition, Cambridge University Press (1996)

[4] Pierre Moussa, Itération des Polynémes et Propriétés d’Orthogonalité, Ann. Inst. Henri
Poincaré, Vol. 44, n°3, 1986, p315-325

[5] Barsnley-Geronimo-Harrington, Orthogonal Polynomials Associated with Invariant Measures
on Julia Sets, Bulletin of the American Mathematical Society, Volume 7, Number 2, September
1982

[6] A.Iserles, Numerical Solution of Differential Equations, Lecture Notes, Cambridge University,
2008

[7] M. McGoodwin, Julia Jewels: An  Ezploration of Julia Sets, March 2000,
http://mcgoodwin.net/julia/juliajewels.html

[8] M. Moussaoui, Fonction d’une variable complezxe, lecture notes, Ecole Centrale de Lyon, 2004

[9] J.H.Shapiro, Composition Operators and Schrdder’s Functional equation, Contemporary
Mathematics 213 (1998), p213-228

E-mail address: rca32@cam.ac.uk

9In the case of T'(z) = 22 + c this situation corresponds to the elements ¢ that lie in the interior
of the Mandelbrot set.

21



